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Abstract
We first prove characterizations of common fixed points of one-parameter nonexpansive semigroups. We
next present convergence theorems to common fixed points.
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1. Introduction
Throughout this paper we denote by N the set of all positive integers. For a real number t , we
denote by [t] the maximum integer not exceeding t .
Let E be a real Banach space. We denote by E∗ the dual of E. Let T be a nonexpansive
mapping on a subset C of E, i.e., ‖T x −Ty‖ ‖x − y‖ for all x, y ∈ C. F(T ) is denoted by the
set of all fixed points of T . In 1965, Kirk [15] proved that T has a fixed point when C is weakly
compact and convex, and has normal structure. See also [4–6,11] and others. C is said to have
the fixed point property for nonexpansive mappings (FPP, for short) if for every bounded closed
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compact convex subset C with normal structure has FPP.
A family of mappings {T (t): t  0} is called a one-parameter strongly continuous semigroup
of nonexpansive mappings (nonexpansive semigroup, for short) on C if the following are satis-
fied:
(nsg 1) for each t  0, T (t) is a nonexpansive mapping on C;
(nsg 2) T (s + t) = T (s) ◦ T (t) for all s, t  0;
(nsg 3) for each x ∈ C, the mapping t → T (t)x from [0,∞) into C is continuous.
Bruck’s famous fixed point theorem in [8] yields that {T (t): t  0} has a common fixed point
when C is weakly compact and convex, and has FPP. See also Browder [6]. We have studied con-
vergence theorems for nonexpansive semigroups; see [1,3,13,18,22–24,26,28–30,33] and others.
For example, very recently, Suzuki and Takahashi [33] proved the following convergence theo-
rem.
Theorem 1. [33] Let C be a compact convex subset of a Banach space E and let {T (t): t  0}
be a nonexpansive semigroup on C. Define a sequence {xn} in C by x1 ∈ C and
xn+1 = 12tn
tn∫
0
T (s)xn ds + 12xn
for n ∈N, where {tn} is a sequence in (0,∞) satisfying limn tn = ∞ and limn tn+1/tn = 1. Then
{xn} converges strongly to a common fixed point of {T (t): t  0}.
The following is a corollary of Theorem 8 in [22].
Theorem 2 (Shioji and Takahashi [22]). Let C be a bounded closed convex subset of a Hilbert
space E. Let {T (t): t  0} be a nonexpansive semigroup on C. Let {sn} and {tn} be sequences
in (0,1) and (0,∞), respectively, satisfying limn sn = 0 and limn tn = ∞. Fix u ∈ C and define
a sequence {xn} in C by
xn = 1 − sn
tn
tn∫
0
T (s)xn ds + snu
for n ∈N. Then {xn} converges strongly to a common fixed point of {T (t): t  0}.
In these theorems, we assume that {tn} converges to ∞. In [23], though we do not use the
Bochner integral, Suzuki proved a convergence theorem under the assumption of limn tn = 0.
In this paper, as motivated by above, we shall prove convergence theorems under the assump-
tion that {tn} is a constant sequence. We note that proofs of our theorems are quite simple, while
that of Theorem 1 is difficult.
2. Characterizations
In this section, using the Bochner integral, we present characterizations of common fixed
points of nonexpansive semigroups.
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Let η be a continuous function from [0, τ ] into (0,∞) such that ∫ τ0 η(s) ds = 1, where τ is some
positive real number. Define a nonexpansive mapping S from C into E by
Sx =
τ∫
0
η(s)T (s)x ds (1)
for x ∈ C. Then
F(S) =
⋂
t0
F
(
T (t)
) (2)
holds.
Remark. (i) We may not assume any assumptions about E, C and {T (t): t  0}.
(ii) When C is closed and convex, using the separation theorem, we can prove that S is a
mapping on C.
Proof of Theorem 3. For x, y ∈ C, we have
‖Sx − Sy‖ =
∥∥∥∥∥
τ∫
0
η(s)
(
T (s)x − T (s)y)ds
∥∥∥∥∥

τ∫
0
η(s)
∥∥T (s)x − T (s)y∥∥ds 
τ∫
0
η(s)‖x − y‖ds
= ‖x − y‖,
and hence S is nonexpansive. It is obvious that
F(S) ⊃
⋂
t0
F
(
T (t)
)
.
Let us prove the converse inclusion. Let z ∈ C be a fixed point of S. Since {T (t)z: t ∈ [0, τ ]} is
compact, there exists σ ∈ [0, τ ] such that∥∥T (σ )z − z∥∥= max{∥∥T (t)z − z∥∥: t ∈ [0, τ ]}.
We assume δ := ‖T (σ )z − z‖ > 0. From the Hahn–Banach theorem, there exists f ∈ E∗ with
‖f ‖ = 1 and f (T (σ )z − z)= ∥∥T (σ )z − z∥∥= δ.
Since t → T (t)z is continuous, there exist σ1, σ2 ∈ [0, τ ] with
σ1 < σ2, σ ∈ [σ1, σ2] and
∥∥T (σ )z − T (t)z∥∥ δ/2
for t ∈ [σ1, σ2]. Then we have
δ = ∥∥T (σ )z − z∥∥= f (T (σ )z − z)= f (T (σ )z)− f (Sz)
= f (T (σ )z)−
τ∫
f
(
η(s)T (s)z
)
ds =
τ∫
η(s)f
(
T (σ )z − T (s)z)ds0 0
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τ∫
0
η(s)
∥∥T (σ )z − T (s)z∥∥ds
=
σ1∫
0
η(s)
∥∥T (σ )z − T (s)z∥∥ds +
σ2∫
σ1
η(s)
∥∥T (σ )z − T (s)z∥∥ds
+
τ∫
σ2
η(s)
∥∥T (σ )z − T (s)z∥∥ds
=
σ1∫
0
η(s)
∥∥T (s) ◦ T (σ − s)z − T (s)z∥∥ds +
σ2∫
σ1
η(s)
∥∥T (σ )z − T (s)z∥∥ds
+
τ∫
σ2
η(s)
∥∥T (σ )z − T (σ ) ◦ T (s − σ)z∥∥ds

σ1∫
0
η(s)
∥∥T (σ − s)z − z∥∥ds +
σ2∫
σ1
η(s)
δ
2
ds +
τ∫
σ2
η(s)
∥∥T (s − σ)z − z∥∥ds

σ1∫
0
η(s)δ ds +
σ2∫
σ1
η(s)
δ
2
ds +
τ∫
σ2
η(s)δ ds
= δ − δ
2
σ2∫
σ1
η(s) ds
< δ.
This is a contradiction. Therefore δ = 0. This implies that z is a common fixed point of
{T (t): t  0}. This completes the proof. 
As a direct consequence of Theorem 3, we obtain the following:
Corollary 1. Let {T (t): t  0} be a nonexpansive semigroup on a subset C of a Banach space E.
Fix τ > 0 and define a nonexpansive mapping S from C into E by
Sx = 1
τ
τ∫
0
T (s)x ds (3)
for x ∈ C. Then (2) holds.
Compare Corollary 1 with the following. While we assume (nsg 2) in Corollary 1, we assume
the strict convexity of E and the existence of common fixed points in Theorem 4.
Theorem 4 ([28]). Let C be a closed convex subset of a strictly convex Banach space E. Let
τ > 0 and let {T (t): t ∈ [0, τ )} be a family of mappings on C satisfying the following:
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(ii) mappings t → T (t)x are continuous on [0, τ ) for all x ∈ C;
(iii) ⋂t∈[0,τ ) F (T (t)) 
= ∅.
Define a nonexpansive mapping S by (3). Then F(S) =⋂t∈[0,τ ) F (T (t)) holds.
See also [24,31].
3. Convergence theorems
In this section, we state convergence theorems deduced by Theorem 3.
We recall that a Banach space E is said to have the Opial property if for each weakly conver-
gent sequence {xn} in E with weak limit x0, lim infn ‖xn − x0‖ < lim infn ‖xn − x‖ for all x ∈ E
with x 
= x0.
From the results of Ishikawa [14], Edelstein and O’Brien [10] and Reich [19], we obtain the
following convergence theorem, which concerns Krasnosel’skiı˘ and Mann’s iteration [16,17].
See also [25].
Theorem 5. Let C be a bounded closed convex subset of a Banach space E. Assume either of
the following:
(i) C is compact;
(ii) E has the Opial property and C is weakly compact;
(iii) E is uniformly convex and its norm is Fréchet differentiable.
Let {T (t): t  0} be a nonexpansive semigroup on C and define a nonexpansive mapping S on
C by (1). Fix λ ∈ (0,1) and define a sequence {xn} in C by x1 ∈ C and
xn+1 = λSxn + (1 − λ)xn
for n ∈N. Then {xn} converges weakly to a common fixed point of {T (t): t  0}.
Remark. In the case of (i), the notions of strong convergence and weak convergence are equiva-
lent.
Proof of Theorem 5. From the results in [10,14,19], {xn} converges weakly to a fixed point z
of S. By Theorem 3, z is a common fixed point of {T (t): t  0}. This completes the proof. 
From the result of Bruck [9], we obtain the following; see also Baillon [2].
Theorem 6. Let C be a bounded closed convex subset of a uniformly convex Banach space E
with Fréchet differentiable norm. Let {T (t): t  0} and S be as in Theorem 5. Then a sequence
{xn} defined by
x ∈ C and xn = Sx + S
2x + S3x + · · · + Snx
n
for n ∈N converges weakly to a common fixed point of {T (t): t  0}.
T. Suzuki / J. Math. Anal. Appl. 324 (2006) 1006–1019 1011From the results of Reich [20] and Suzuki [32], we obtain the following; see also Browder
[7], Halpern [12], Shioji and Takahashi [21] and Wittmann [34].
Theorem 7. Let C be a bounded closed convex subset of a uniformly smooth Banach space E.
Let {T (t): t  0} and S be as in Theorem 5. Let {sn} and {tn} be sequences in (0,1) satisfying
limn sn = limn tn = 0 and∑∞n=1 tn = ∞. Fix u ∈ C and λ ∈ (0,1), and define two sequences {xn}
and {yn} in C by
xn = (1 − sn)Sxn + snu
for n ∈N, and
y1 ∈ C, yn+1 = (1 − tn)
(
λSyn + (1 − λ)yn
)+ tnu
for n ∈N. Then {xn} and {yn} converge strongly to a common fixed point of {T (t): t  0}.
In order to compare our results with Theorems 1 and 2, we state the following corollaries.
Corollary 2. Let E, C, {T (t): t  0} be as in Theorem 1. Define a sequence {xn} in C by x1 ∈ C
and
xn+1 = 12
1∫
0
T (s)xn ds + 12xn
for n ∈N. Then {xn} converges strongly to a common fixed point of {T (t): t  0}.
Corollary 3. Let E, C, {T (t): t  0}, {sn} and u be as in Theorem 2. Define a sequence {xn} in
C by
xn = (1 − sn)
1∫
0
T (s)xn ds + snu
for n ∈N. Then {xn} converges strongly to a common fixed point of {T (t): t  0}.
4. Characterizations, part 2
In this section, we present other characterizations of common fixed points of nonexpansive
semigroups.
Theorem 8. Let {T (t): t  0} be a nonexpansive semigroup on a subset C of a Banach space E.
Let {τj } be a sequence in [0,∞) such that the closure of the set {τj : j ∈ N} is [0, τ ] for some
τ > 0. Let η be a function from N into (0,∞) satisfying ∑∞j=1 η(j) = 1. Define a nonexpansive
mapping S from C into E by
Sx =
∞∑
j=1
η(j)T (τj )x (4)
for x ∈ C. Then (2) holds.
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‖Sx − Sy‖ =
∥∥∥∥∥
∞∑
j=1
η(j)
(
T (τj )x − T (τj )y
)∥∥∥∥∥

∞∑
j=1
η(j)
∥∥T (τj )x − T (τj )y∥∥ ∞∑
j=1
η(j)‖x − y‖ = ‖x − y‖.
Therefore S is nonexpansive. It is obvious that F(S) ⊃⋂t0 F(T (t)). Let us prove the converse
inclusion. Let z ∈ C be a fixed point of S. We assume that z is not a common fixed point of
{T (t): t  0}. Then, as in the proof of Theorem 3, we can take σ,σ1, σ2 ∈ [0, τ ], δ > 0 and
f ∈ E∗ satisfying:
• δ = ‖T (σ )z − z‖ = max{‖T (t)z − z‖: t ∈ [0, τ ]};
• ‖f ‖ = 1;
• f (T (σ )z − z) = ‖T (σ )z − z‖;
• σ1 < σ2;
• σ ∈ [σ1, σ2];
• ‖T (σ )z − T (t)z‖ δ/2 for t ∈ [σ1, σ2].
From the assumption, we note that
∑{η(j): τj ∈ [σ1, σ2]} > 0. We have
δ = ∥∥T (σ )z − z∥∥= f (T (σ )z − Sz)
=
∞∑
j=1
η(j)f
(
T (σ )z − T (τj )z
)

∞∑
j=1
η(j)
∥∥T (σ )z − T (τj )z∥∥
=
∑{
η(j)
∥∥T (σ )z − T (τj )z∥∥: τj ∈ [σ1, σ2]}
+
∑{
η(j)
∥∥T (σ )z − T (τj )z∥∥: τj /∈ [σ1, σ2]}

∑{
η(j)δ/2: τj ∈ [σ1, σ2]
}+∑{η(j)∥∥T (|σ − τj |)z − z∥∥: τj /∈ [σ1, σ2]}

∑{
η(j)δ/2: τj ∈ [σ1, σ2]
}+∑{η(j)δ: τj /∈ [σ1, σ2]}
= δ − δ
2
∑{
η(j): τj ∈ [σ1, σ2]
}
< δ.
This is a contradiction. Therefore z is a common fixed point of {T (t): t  0}. This completes the
proof. 
As direct consequences, we obtain the following:
Corollary 4. Let {T (t): t  0} be a nonexpansive semigroup on a subset C of a Banach space E.
Let γ be an irrational number and let τ be a positive real number. Define a nonexpansive map-
ping S from C into E by
Sx =
∞∑
j=1
1
2j
T
((
jγ − [jγ ])τ)x
for x ∈ C. Then (2) holds.
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Let τ be a positive real number. Define a nonexpansive mapping S from C into E by
Sx =
∞∑
j=1
1
2j
T
(
2j − 2[log(j)/ log(2)]+1 + 1
2[log(j)/ log(2)]+1
τ
)
x
for x ∈ C. Then (2) holds.
Remark. The sequence { 2j−2[log(j)/ log(2)]+1+12[log(j)/ log(2)]+1 } is
1
2
,
1
4
,
3
4
,
1
8
,
3
8
,
5
8
,
7
8
,
1
16
,
3
16
,
5
16
,
7
16
,
9
16
,
11
16
,
13
16
,
15
16
,
1
32
,
3
32
, . . . .
5. Characterization, part 3
In Theorem 3, the domain of η is a bounded interval. In this section, we discuss the case that
η(t) = exp(−t) and the domain of η is [0,∞).
Theorem 9. Let {T (t): t  0} be a nonexpansive semigroup on a subset C of a Banach space E.
Define a nonexpansive mapping S from C into E by
Sx =
∞∫
0
exp(−s)T (s)x ds (5)
for x ∈ C. Then (2) holds.
Before proving Theorem 9, we prove the following:
Lemma 1. Let E, C, {T (t): t  0} be as in Theorem 9. Fix z ∈ C and τ > 0. Put
L = max{∥∥T (t)z − T (0)z∥∥: t ∈ [0, τ ]}.
Then ∥∥T (t)z − T (0)z∥∥ L
τ
(t + τ)
holds for every t  0.
Proof. Fix t  0. In the case of 0 t  τ ,∥∥T (t)z − T (0)z∥∥ L L
τ
(t + τ)
is obvious. In the other case of τ < t , we have
∥∥T (t)z − T (0)z∥∥ ∥∥T (t)z − T ([t/τ ]τ)z∥∥+ [t/τ ]−1∑
k=0
∥∥T (kτ + τ)z − T (kτ)z∥∥

∥∥T (t − [t/τ ]τ)z − T (0)z∥∥+ [t/τ ]−1∑
k=0
∥∥T (τ)z − T (0)z∥∥
 L + [t/τ ]L L
τ
(t + τ).
This completes the proof. 
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∫∞
0 exp(−s) ds = 1. We shall show S is well defined. Fix x ∈ C
and put Lx = max{‖T (t)x − T (0)x‖: t ∈ [0,1]}. Then by Lemma 1, ‖T (t)x − T (0)x‖ 
Lx(t + 1) holds for every t  0. We have
∞∫
0
∥∥ exp(−s)T (s)x∥∥ds

∞∫
0
exp(−s)(∥∥T (s)x − T (0)x∥∥+ ∥∥T (0)x∥∥)ds

∞∫
0
exp(−s)Lx(s + 1) ds +
∥∥T (0)x∥∥
= 2Lx +
∥∥T (0)x∥∥< ∞.
This and the continuity of s → exp(−s)T (s)x imply that S is well defined. As in the
proof of Theorem 3, we can prove that S is nonexpansive. It is obvious that F(S) ⊃⋂
t0 F(T (t)). Let us prove the converse inclusion. Let z ∈ C be a fixed point of S and put
M = sup{‖T (t)z − T (0)z‖: t  0}. We divide the following three cases:
A. M = 0;
B. 0 < M < ∞;
C. M = ∞.
(Case A). In this case, T (t)z = T (0)z for every t  0. Hence z = Sz = T (0)z. That is, z is a
common fixed point of {T (t): t  0}.
(Case B). We choose τ > 0 satisfying ‖T (t)z− T (0)z‖M/3 for every t ∈ [0, τ ]. For every
ν ∈ N, there exists σν > 0 such that ‖T (σν)z − T (0)z‖ = Mν/(ν + 1) and ‖T (t)z − T (0)z‖ <
‖T (σν)z − T (0)z‖ for every t ∈ [0, σν). It is obvious that τ < σν . We have
σν+τ∫
σν−τ
exp(−s)∥∥T (σν)z − T (s)z∥∥ds

σν+τ∫
σν−τ
exp(−s)∥∥T (|σν − s|)z − T (0)z∥∥ds
 M
3
σν+τ∫
σν−τ
exp(−s) ds = M
3
(
exp(−σν + τ) − exp(−σν − τ)
)
.
We also have
σν−τ∫
exp(−s)∥∥T (σν)z − T (s)z∥∥ds0
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σν−τ∫
0
exp(−s)∥∥T (σν − s)z − T (0)z∥∥ds
 Mν
ν + 1
σν−τ∫
0
exp(−s) ds = Mν
ν + 1
(
1 − exp(−σν + τ)
)
.
Similarly we obtain
2σν∫
σν+τ
exp(−s)∥∥T (σν)z − T (s)z∥∥ds  Mν
ν + 1
(
exp(−σν − τ) − exp(−2σν)
)
.
Finally we have
∞∫
2σν
exp(−s)∥∥T (σν)z − T (s)z∥∥ds M
∞∫
2σν
exp(−s) ds = M exp(−2σν).
We choose f ∈ E∗ with ‖f ‖ = 1 and f (T (σν)z − z) = ‖T (σν)z − z‖. We have
Mν
ν + 1 =
∥∥T (0) ◦ T (σν)z − T (0)z∥∥ ∥∥T (σν)z − z∥∥= f (T (σν)z − Sz)
=
∞∫
0
exp(−s)f (T (σν)z − T (s)z)ds 
∞∫
0
exp(−s)∥∥T (σν)z − T (s)z∥∥ds
=
( σν−τ∫
0
+
σν+τ∫
σν−τ
+
2σν∫
σν+τ
+
∞∫
2σν
)
exp(−s)∥∥T (σν)z − T (s)z∥∥ds
 Mν
ν + 1
(
1 − exp(−σν + τ)
)+ M
3
(
exp(−σν + τ) − exp(−σν − τ)
)
+ Mν
ν + 1
(
exp(−σν − τ) − exp(−2σν)
)+ M exp(−2σν)
= Mν
ν + 1 −
M(2ν − 1)
3(ν + 1)
(
exp(−σν + τ) − exp(−σν − τ)
)+ M
ν + 1 exp(−2σν)
and hence
(2ν − 1)(exp(τ ) − exp(−τ)) 3 exp(−σν) 3.
This is a contradiction because ν ∈N is arbitrary and τ does not depend on ν.
(Case C). Put L = max{‖T (t)z−T (0)z‖: t ∈ [0,1]} > 0. For every ν ∈N, there exists σν > 0
such that ‖T (σν)z − T (0)z‖ = (ν + 1)L and ‖T (t)z − T (0)z‖ < ‖T (σν)z − T (0)z‖ for every
t ∈ [0, σν). We note∥∥T (t)z − T (0)z∥∥min{L(t + 1), (ν + 1)L
σν
(t + σν)
}
for every t  0 by Lemma 1. From this and
∥∥T (ν)z − T (0)z∥∥ ν−1∑∥∥T (k + 1)z − T (k)z∥∥ ν−1∑∥∥T (1)z − T (0)z∥∥ νL,
k=0 k=0
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σν+ν∫
σν−ν
exp(−s)∥∥T (σν)z − T (s)z∥∥ds

σν+ν∫
σν−ν
exp(−s)∥∥T (|σν − s|)z − T (0)z∥∥ds  L
σν+ν∫
σν−ν
exp(−s)(|σν − s| + 1)ds
= L(ν exp(−σν + ν) + 2 exp(−σν) − (ν + 2) exp(−σν − ν)).
We also have
σν−ν∫
0
exp(−s)∥∥T (σν)z − T (s)z∥∥ds

σν−ν∫
0
exp(−s)∥∥T (σν − s)z − T (0)z∥∥ds
 (ν + 1)L
σν−ν∫
0
exp(−s) ds = (ν + 1)L(1 − exp(−σν + ν)).
Similarly we obtain
2σν∫
σν+ν
exp(−s)∥∥T (σν)z − T (s)z∥∥ds  (ν + 1)L(exp(−σν − ν) − exp(−2σν)).
Finally we have
∞∫
2σν
exp(−s)∥∥T (σν)z − T (s)z∥∥ds

∞∫
2σν
exp(−s)∥∥T (s − σν)z − T (0)z∥∥ds  (ν + 1)L
σν
∞∫
2σν
exp(−s)(s − σν + σν) ds
= (ν + 1)L2σν + 1
σν
exp(−2σν).
We choose f ∈ E∗ with ‖f ‖ = 1 and f (T (σν)z − z) = ‖T (σν)z − z‖. We have
(ν + 1)L ∥∥T (σν)z − z∥∥
∞∫
0
exp(−s)∥∥T (σν)z − T (s)z∥∥ds
=
( σν−ν∫
+
σν+ν∫
σ −ν
+
2σν∫
σ +ν
+
∞∫ )
exp(−s)∥∥T (σν)z − T (s)z∥∥ds
0 ν ν 2σν
T. Suzuki / J. Math. Anal. Appl. 324 (2006) 1006–1019 1017 (ν + 1)L − L exp(−σν + ν) + 2L exp(−σν) − L exp(−σν − ν)
+ (ν + 1)Lσν + 1
σν
exp(−2σν)
and hence
exp(ν) + exp(−ν)
ν + 1 
2
ν + 1 +
σν + 1
σν
exp(−σν) 1 + 2 = 3.
This is a contradiction because ν ∈N is arbitrary. This completes the proof. 
Appendix A
In this section, using the methods in proofs of Theorems 3 and 8, we shall prove a character-
ization of fixed points for single nonexpansive mappings. The following theorem may be useful
when we find a fixed point by using computer. Let us compare it with the results in [27].
Theorem A.1. Let T be a nonexpansive mapping on a subset C of a Banach space E. Let
η1, η2, η3, . . . , ην be positive real numbers with
∑ν
j=1 ηj = 1. Define a nonexpansive mapping
S from C into E by
Sx =
ν∑
j=1
ηjT
jx
for x ∈ C. Then F(S) = F(T ) holds.
Proof. As in the proof of Theorem 8, we can prove that S is a nonexpansive mapping. It is
obvious that F(S) ⊃ F(T ). We assume z ∈ F(S) \ F(T ). Then, as in the proof of Theorem 3,
we can take κ ∈N, δ > 0 and f ∈ E∗ satisfying:
• 1 κ  ν;
• δ = ‖T κz − z‖ = max{‖T j z − z‖: j = 1,2, . . . , ν};
• ‖f ‖ = 1;
• f (T κz − z) = ‖T κz − z‖.
We have
δ = ∥∥T κz − z∥∥= f (T κz − Sz)
=
ν∑
j=1
ηjf
(
T κz − T j z) ν∑
j=1
ηj
∥∥T κz − T j z∥∥
=
∑{
ηj
∥∥T κz − T j z∥∥: 1 j  ν, j 
= κ}

∑{
ηj
∥∥T |κ−j |z − z∥∥: 1 j  ν, j 
= κ}

∑{
ηj δ: 1 j  ν, j 
= κ
}= δ − δηκ < δ.
This is a contradiction. Therefore F(S) ⊂ F(T ). This completes the proof. 
Using Theorem A.1, we can prove the following:
1018 T. Suzuki / J. Math. Anal. Appl. 324 (2006) 1006–1019Theorem A.2. Let T be a nonexpansive mapping on a compact convex subset C of a Banach
space E. Fix ν ∈N and define a sequence {xn} in C by x1 ∈ C and
xn+1 = 1
ν + 1
(
xn + T xn + T 2xn + · · · + T νxn
)
for n ∈N. Then {xn} converges strongly to a fixed point of T .
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